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ABSTRACT

A theory is developed for the generation of Alfven waves by the
mixing of whistler waves,. Calculations are carried out for inter-
action in the magnetosphere where the whistlers fall in the VLF frequency
range, and the Alfven wave in the ULF (1-5 Hz) range. Typical amplitudes
of 2-5 my for the Alfven wave are calculated, and it is shown that these
values might be increased by one order of magnitude through suitable
variation of the experimental parameters. The study thereby develops
a possible explanation for naturally occcurring Pec 1 micropulsations,
and demonstrates the feasibility of artificial generation of such micro-

pulsations by ground- launched whistlers,
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1. Introduction,

A number of studies have been made of nonlinear three-wave interaction

hetween circularly-polarized waves such as whistlers [Harker and Crawford,

11969, Kim et al, 1971]. 1In that case all three waves are high frequency,
i.e. they depend primarily on the electron rather than the ion

motions., Another related problem of equal importance is the possibility
of interaction involving a low frequency wave,i.e, a mode in which ion
motions play a role. 1In this paper we shall consider the interaction of
two whistlers to produce an Alfven wave. We will restrict ourselves to
the study of waves propagating at small angles, © , to the geomaghetic
field, in which case the interaction is proportional to 8 . This problem

has been previously studied by Suramlishvili [1967] for the limiting

case where the angles, ® , are zero and the interaction vanishes.

Although our analysis will be quite general, our primary concern will
be with the magnetQSpheré as the medium in which interaction takes place.
In this case the whistlers lie in the VLF,and the Alfven wave in the
ULF (1-5 Hz) frequency range. Our purpose in studying this region is two-
fold. First, we will show that naturally occurring whistlers can generate
Pc 1 micropulsations which fall within the observed intensity range of
1-1000 my [Jacobs, 1970),and thereby demonstrate the possibility of a
mechanism for the generation of such natﬁrally occurring micropulsations.
Second, our calculations will demonstrate thé feasibility of using
whistlers launched from ground-based transmitters for the generation of
artificial micropulsations.

The geometry to be considered is shown in Fig. 1. Two whistlers
follow a trajectory along a geomagnetic field line. In a region of width

L, located a distance Z along the magnetic field line from the equatorial



plane, the difference frequency and wavenumber correspond to a propagating
Alfven wave, Because of this resonant condition, the two whistlers mix

to produce Alfven waves, which then propagateroq} of the region as shown

in the figure,

As mentioned above, we will restrict ourselves to the study of waves
propagating at small angles tc the geomagnetic field. Under these circum-
stances we are concerned with the waves whose dispersion curves are plotted
in Figure 2. The upper branch is a whistler, while the lower is an ion-
cyclotron wave, In the region O < <§ Wy o where O is the ion
gyrofrequency, the curves coalesce to form the region corresponding to
Alfven waves, The dispersion relation for the whistler is given by

[Clemmow and Dougherty, 19697,

2 2 0
K = Q T T~ N » (1)
©-0,,)
and the Alfven wave by
2
K2 = _QT . 2)
ch ci

In these equations we have used normalized units for the wavenumber,

frequency, and the electron and ion gyrofrequencies,

K = ke/u, 0= w/e, Qoo = Yool Oy = w,/wg (3)
where
e’Bo| E|BOI ne2 m mi
wce = m y mCl = mn y U.JO = = L ™ ] e .
e i ™ e@ me+mi
(4)



As mentioned above, the two waves which mix will be whistlers, and the
product wave of the mixing will be the Alfven wave. We will denote the Alfven
wave by subscript 1, the lower frequency whistler by subscript 2,
and the higher frequency whistler by subscript 3.

2, Synchronism Conditions.

For nonlinear interaction to occur, it is necessary that the synchronism

conditions

K3=K2+Kl , ﬂ3=ﬂ2+ﬂl ' (3)

be satisfied, i.e., the points (0, 0), (KS’QS)’ (K21 Qz),(Kl, Ql)

nust form the vertices of a parallelogram in the (K, [)) plane, as shown
in Figure 2, Since the Alfven waves have a linear dispersion relation,
it is clear from the figure that, for sufficieantly small K and Dl ,

1

(Kz, 92) and (K3' QS) lie on that portion of the whistler dispersion curve

where the group velocity equals the Alfven wave velocity, From Eqgqs. (1)

and (2), Kz, K3' Qz, 03 are given by
K2 = K3 = KO s Qz = QB = QO ) (6)
where K and [} are determined by the simultaneous solution of
the equations
Q
2 2 (4]
K . = 0 + ———, (7)
0 Q0 .ch - QO;
Q
d
LI (8)
Q dﬂo (ch-—QO)
dK 1
== . (9)
d 1/2
QU . 9 )



2
Since (ch-no) << 1, we may neglect the term QO in Eg (7) and

obtain

o T (10)

For the same reason we may neglect the term 20 in Eq.{8 ) and

obtain
2
ch 1/2 ch -
2 ("g— % = \a = ' (11)
ci ce @
Combining these gives the final equation for KO: (12)
2+ n? 2( Tee )1/2K
+ = -—
0 Qci 4]

From Eq. (10) we obtain the corresponding value for QO in the form

Q - 0 (12>

3. Coupled Mode Equation,

The growth of the Alfven wave in the interaction region is governed
by a well-known coupled mode egquation which we may write in the notation

of Galloway and Crawford (1970) as

AT e
1 (v -__pl)z I E . E (14)



in terms of the dimensionless wvariables

v

Ve = Xgl/c , R= Iwb/c , E =E e/m w € (15)

p P 0

-~
where zgl is the group velocity, r is distance, and 591,2,3

is the component of the wave electric field perpendicular

*
to the plane containing both X and B , Constants Flzgland fb

are defined by Galloway and Crawford [1970]},and will be determined in

the next section,

We next set up a rectangular coordinate system for R with
7 along the geomagnetic field. Because all waves are assumed to
propagate at small angles to the geomagnetic field, we may ignore
the traverse components of the product on the left-hand side of

Eq. (1%), and then integrate along 7 to obtain

1o
E. = —>T%8 "5, (16)
pl T ¥ 0 p2 p3

171

where L = j dZ is the width of the interaction region. In a recent

paper [Harker and Crawford, 1970] it has been shown that

2 alk _-k_-k_ )

L = (27r/5)1/2 B = (;—) __________Sazz 1
Q

. (17)

Here subscript r denotes that the derivative is evaluated at the point
in space where the synchronism conditions are exactly satisfied and

z = Zc/w0 . Non-zero values of £ arise from inhomogeneities in B0 and

the plasma density. This equation is based on the supposition that

(k3-k2-k1) can be approximated by a linear function of =z



We may easily evaluate B by using the relation

d(k -ky-k)) : { olkg-ky-ky) dw N 0k g-ky-k,) d“b}_ , (18)
dz - dw dz Jw dz J_
r ce o :
the dispersion relations,
, 1/2
e = 20 (P23 o o % 19)
2,3 ¢ \B .y 5 ky =% ( 7z
! WeeWei

and the subsequent synchronism condition

1/2 0 1/2 W
kymky-k =fg[(z:if:r) (r‘za;) (—‘—l‘m]

37271
ce 3 ce Wwow L)
ce C1l
(20)
Let us concentrate on the first term in Eq. (18), which arises from
inhomogeneity in the geomagnetic field. Differentiating Eq. (20)
with respect to CI and substituting Eqs. (13) and (19) gives
2 2
T K. +1 E_"+1
dlkyky-ky) | 1 { 3" 32 _ 2 K3/2—2K} : (21)
_— = 7 3en X 2 3 X 2 2 1 r
dmce T ce 3 2
Using the relation K3 = K2+ K1 , and remembering that K1 << K2 , we
can write the first term on the RHS of this equation as
2 2 K
K_“+1 K, +1 1/2 _3/2 1
s\ 32 (2 \g¥2, [sx /2 K, / ] 5 (22)
2 |3 k212 2
3 2



This reduces Eq. (21) to the form

d(k -k -k ) K -3/2
i e IR S YL S A (23)
dwce r e
if we replace K2 by its approximate value, K . The factor dnce/dz

is evaluated from the formula for the geomagnetic field given by

Helliwell [1967]

(24)

where 0 is the electron gyrofrequency on the equator, and ro is
c

the distance from earth’'s center. If we approximate by replacing wco

by wce on the RHS of this equation, we obtain

aw o2
ce 0 ce

= . (25)
dz c R

5

B K

We now show that the second term on the RHS of Eq. (18) is zero.
Differentiating Eq. (20) with respect to yu and substituting Eq. (19)
gives

wk -
dkg-kyk) )

1

r

3—K2—K1)r =0 . (26)

The final formula for the interaction length is then simply obtained

by substituting Eqs. (23) and (25) into Egs. (17) and (18), yielding

KIZ
p=— f(KO) , (27)
R
m
where
£(Ky) = 3 (4 - 3Ké/2 + KO-S/Z) : (28)



The case of interaction on the equator requires special treatment,
Since the function (kg_kz;kl) is no longer a linear function of =z,

but quadratic instead. It is shown in Appendix A that the interactiom

length in this case is given by

1/3
RS UE 29)
3
where
3% (K_-K_-K_) 3 32 (k.-k_-k_)
372 r \% aw? r

and T(1/3) = 2.68 is the gamma function [Abramowitz and Stegun, 19647 .

Straightforward differentiation shows that

2

2 2 2
-k - -k - -k -
" (kymk -k, ) ) ¥ (kyky-ko ) (ﬁwce s 3 (kgmkymk ) dug Ao
= 5 = :
dz2 r aﬂce ‘ a’u‘cea'no dz dz

0 (31)

2
X - d
gk k) g2, . Alegk,mk) dw
+
2 dz

+
-~ e 2 a0 2

2 2
3" (ky-k,-k, ) (dwo Ak, ~k_-k
O d=z r

ce dz

Because of the symmetry of the magnetic field about the equator it is cle: -

that

dw
e

dz

=0 . (32)

A simple extension of the argument leading to Eq. (26) shows furthermore

that

=0 . {33)

Substituting Eqs. (26), (32), and (33) reduces Eq. (31} to



2
a” (k=K ) ) 3k -k -k.) a2 w,

s - 3721 2 , (34)
dz r a»ce dz r
while from Eq. (24) we can show that
2 3
dw Q.
ce _ __0 ce (35)
2 -2 2 '
dz c
m
Combining Eqs. (23), (28), (30), (34), and (35) yields for 7y the
equation
I{1
7 =5 f(KO) . (36)
R
m

4, Constants of the Coupled Mode Equation,

In this section we calculate the constants Flzgl and Ib that
appear in Eg. (16). It is convenient to follow the same line of attack

as Galloway and Crawford [1970]},with inclusion of ion motion. We write

the scalar and vector pctentials as

v = Ve/mc’ A = Refme (37)

the particle displacement vector as
A, = 8T, wgfe Ay = 6Xy w, /e, (38)
the equilibrium position and the time as

mo/c , T=w_t, (39)

~

where V,

A, Ar, 30 , and t are the corresponding dimensional physical
quantities,

In terms of these variables, we may write the Lagrangian density as



2 m, .2

11 . ) 1 .2 1 2
+ 3 ET-A +-[v_ﬁe.£fﬂd.mj + §B7V+ﬂ] - §h7xéj . (40)

i

Both V and A are functions of §O+ ée i while all other terms are

—
’

£ i i —
unctions of EO only, Expansion of Eq. (40) as § = £0 + £1 + Sﬁ +
yields
m .2 m 2
1 e 171 ,2 1 1 2

L = = — - — - Ay - = - =

g 3= !\e+ 2 C A] (f}e {\\4) A5 A - 35 (inl) , (41)
£ =_A:,(A »--a——>A+!.\ -(A -——a)A (42)

3 ~e ~e ago =10 ~4 ~i aRO =1

where A has been replaced by a background, A 0’ and a perturbation
éd_and a gauge has been chosen so that V 1is a .constant

T
(v-A = jﬂ (N +N )AT’). Since the second term in Eq. ( 42) can be

shown to be smaller than the first by the ratio (m /m ) , it can be

ignored, and £3 can be written simply as

: . -
I3 =7 Ay (A-e ago) 4. (43)

For small-signal propagation as exp i(m~*15-§0) we have [Clemmow

and Dougherty, 1969]

S-Hz cos’e iD T cos © sin @
- iD 5-T 0 «-E=0 |
ﬂ2 cos O sin @ 0 p- HZ sin2 ]
(44)
where
= 2/0f p=1-1/0°, (45)

10



2
o -0, 0. o, - 05D
S_1- ce “‘ci D - ce ci

2 2. 2 2 T T3 2., 2 2
@°- 0,@"- ;) @°- 0@ - a)

and K 1lies in the X - Z plane at angle © to the Z-axis. A
rotation operator, R , will be used to generalize the propagation to
spherical angles &,§ as shown in Fig. 3. For 0< 8 < w/2 , all
E' components are nonzero. We will choose to express ﬁe 3 and Al

in terms of the component Ep perpendicular to K and the Z-axis,

We then have

_ . _ _ 4 —- 4 4
—Q-. - E Ep. ? é,.l. - —I-J-: Ep:‘ ' 2-:, = R E ’ E,. =RV (46)
where
cos @ - sin 0
R=|sin p cos P 0 s (47)
0 0 1
-J

2
— > (- q b+ e
o0, ce

W - 2
z = 'E_f——z—l——z""' {_ﬂce (H "S) - OD3 s (48)
gel(e! -ﬂ,ce)

J nz(s-nz) cos O sin 6

QZ D(P —Hz Sin29)

U! = I/Q

_ nz(s-nz) cos O sin @
op (P-g° sin® @) (49)

The constantS in the coupled mode-equations are determined

by the relations [Galloway and Crawford, 1970]

11



1 .
1 ¥ % .c. = il .E__E__E*
g T3yt Age + A5 Mgyt Mgy + A%y, Ayt Ay + AB) + coc. = ATGE B oERs

— (50)
p = - A = £ i =1,2,3) . 51
Bo=-A x9xA =YV T E E, ((=1,2,3 (51)
Substituting Eqs. (46) into Egs., (43) and (51) then yields
expressions for these constants in the form
2
Ul Ei/z
2 *
- - . 52
Xgl Fl 01 (EJ 24)21/4 ) (52)
* 4
(@, vy, /
K ™ ¥ ¢ . ]
0 Iy UG, K5 - @E37%p00,
1 : SRS - k : .
- - = T - - K
To=-g 4+ 0 5 L& K0 - GgEpLly . (53)

.
+ 0, §3'[(§l'§2)U2 + (5, KU ]

In order to obtain the salient features of the interaction
without becoming lost in a tangle of algebraic complexities, we make
the specification that the wave vectors of all three waves lie in a
plane which contains the magnetic field, EO as shown in Fig. 4,
This means that we can take ﬁ =0 and R = 1 for all three waves
in Eqs, (46) and (47).

We next emphasize the implications of our assumption that the
angles O << 1: 8ince we are dealing here with transverse waves,

this means that that portion of the matrix in Eq. (44) multiplying the

transverse components of E must be approximately zero, or equivalently,

that

12



S-12 =+D . (54)

Substituting into Eqs, (48) and (48 then yields

U=U + 68U =
v=Y +%, £=¢ + 6, > (55)
where
at . HZ
— |— = - —
== =T op 2
— L+ — 2
m J& .m I . .
L =F - T =) 51, (56)
"1 m, Q£ Q) ~z m_ QZP ~Z
+ ) . .
a =1, + Jiw
and i_ , i, and i are unit vectors along the X, Y, and 2 axes,
~X 7 ~Z

respectively. The assumption that & << 1 also implies that

K =
E=90K +%, (57)
where
K -Ki , K =-Ki , (58)
—L -~X - 7,
In particular, for whistlers we -must take the lower sign in -
these equations, and the above vectors become
' 2
a Kn
= - = U = = ] ' (59)
=N Qn ~Zn ﬂn Z
2
g =0 _J& 5 3By =23
= — — 3 Z, = — —— ) = ’
1n - moQ @, ch) Zn m Qi

provided we assume

13



L

P o=1-1 =-1 | (60)
n Q2 Q2
n n
For the Alfven wave we use Eqs. (2) and (60), and the condition
61
0, <<Q, and Q_; - (61)
and the corresponding vectors become
+ Kl
= = j 62)
"‘L'I_Ll + & /Ql ’ P-@l + W lz ) (
cenc1
w o iat n s
L SR R P (63)
=il me Qche =zl me ch Qc1
In order to evaluate FO , we first expand it to lowest order in
0,,0, and 0, Substituting Eqs. (55) and (57) into Eg. (53),
and retaining only terms up to first order in these angles,ylelds
2 Ut ) o, T )
To="38jM& " L3 SEJ_Z'I-{-ls*' 2 222 %23
U, 5 o, ¥
@00 U IO, By K gt O3 gy Ky
. d 4
R CAVIPERUPRIC P HERE ST I Oy (64)
), 5 o, )
,(Z 5 V10 T3~ Ky + O3 2,3 " Ky
Q.S .- U _)(® K _+0 5 -K.)
* 032 g U0 2, K9 2 Ko
(% 5 U )06, o K >I
* 5 8 oKk +v9% By -zl‘
We next expand Eq, (64) in powers of Ql and K1 .

and Kl are of the same order hecause of the dispersion

relation, Eq.

(2).

all terms corresponding to Wave 2 in terms of Wave 3, or

14

In carrying out this expansion we must eliminate



vice versa, since the differences involve terms of differing order in

Ql . We shall choose the former alternative, Starting with the

synchronism conditions, given by

_ - K. 8 =X,686, - K &, 65
0, =0 - 0 . K, = Ky - K} | % 9 = %39 7K 5, (65

K
9-e+1(9-9)+--- U_ =1 ‘1 El-
2" 3 2; 3 1 ’ Yo=Y, + 03 + i y (68)
0 {
= z (1+——1+ 1 )
~p2 £43 - + ... ) (67)
L QS 03 ch

: 201 2Kl

Substituting Eqs. (66)-(68) into Egq, (64), we observe that all terms

are of order Qg except the third and fiith, each of which is of

order Qzl . However these terms of order Qil cancel ., and we are

left to lowest order with terms of order Qg . Collecting terms,

simplifying -and. replacing Ké -and Q3 by K0 and Qo,respectively,

finally leads *¥ the expression

15



=, .2
(m/m_)

1"0 = - —g [93 gB(KO) -8, gl(Ko)] ) (69)
ch
where
3 2 1/2

g (K )= - 1 KO + KO - KO(QCB/QCI)
307 T 4 2 3 0 '

Qg (l Ay ) Qy/00) f“o /ch_)z(l _ _i)

Q 9} ch

ce ce
(ch/ﬂci)l/2

41 - Q,/0 )

The remaining constant in the coupled mode equation, Xgl Fl )
is readily obtained by substituting Eqgs. (55) and (57) into Eq. (52).

To lowest order in 91 we obtain

1 2 2 .
Yor T =3 Uy Iy 2y (71)

or, after substitution of Eq. (62), simply
Yoy Ty = (%/0D1, - (72)

18



5, Field Strength of the Alfven Wave

Substituting Eqs. {(17), (27), (69), and (72) into Eq. (16) yields
the final equation for the Alfven wave electric field strength in the

form
1/2
1/2 2 — 2
. [ 2 ] ; ! (n/mg)"[0585Ky)- 0,8, KD o
Z 5/2 @_ /o, 3/4 2p 3p
ce
(73)

The associated wave magnetic field strength is determined by substituting

Eq. (2) into Maxwell's equation

K -
K xE =0Q B . (74)

This yields
1/2
« /o . )/'"E
ce’ el 1lp
|3,] = 5 . (75)

ce

It is useful to write these equations in dimensional form, in which

case we obtain

1/2
2 2 5/2
‘ Te
. [ 2n']1/2j row  (m/m) (0,8, (K)- 6,¢, (Kle
1p ~ £(X zc 3/4 - 2 3
P Ko) W 5/2 (w /w ) / me w, P °P
(76)
1/2
- (wce/wci) / Yo »
|B,| = c Elp (77)
Pee
One will notice from examining the above equations that the
strength of the Alfven wave approaches infinity as the interaction
region approaches the magnetic equator, This 18 merely a reflection

of the fact that the assumption of a linear dependence of the sum
ka—kz—kl on arc length embodied in Eq. (17) breaks down at the

equator, where k3~k2—k1 varies as the square of the arc length,

17



There is obviously some lower limit on how small z can become in
the above equations. A suitable ecriterion is simply that the center
of the interaction region can be no closer to the magnetic equator

than the half width of the interaction region:

Z>L/2 . (78)

Substituting Egqs. (2), (17), and (27) into this inequality implies the
criterion

1/3
1/2 : (79)

C
ﬁwce

z
— >
r
£
m o (2£K,) ww ro(w,Ju )

When the interaction region is centered on the eguator, we proceed
as above but use Eqs. (29) and (36) in lieu of Egqs. (17) and (27). We

then obtain the Alfven wave electric field in the form

(6/20,) 17>

1/2

re1/3) ( 2/3 (m/m_)[6,e, (K )-0,8 K] |,
R O E
m 8 3 2 3 2 3
o @l Pop

(80)

1
P 3

In dimensional form this hecomes

16/2x 1 /3 (r )2/3 @/m)? o3 feg x)-0.8 K .
[

= - J E
1 1 B/3 -
? 3 /2 cé (wce/ 01 2/3 me wO e e

(81)

18



6. A Sample Calculation

In this section we shall use the above equations to estimate the
strength of an Alfven wave generated by the mixing interaction, We will

assume that the predominant ion is the proton so that

1/2
(Q,e/%4) = 42,8, (82)

Solving Eq. {12) for this value of the mass-ratio gives

= 4, . 3
KO 4,25 (83)

From Eqs. (13), (28) and (70) we find that
= 0,948 f = 4, 84
QO/ch 0.9 x,) 67 (84)
gl(KO) = 3910 gB(KO) = 3690 .

we will further assume that the field line along which the whistlers

are propagating crosses the equator at four earth radii from the center
of the earth so that
7
rm =2.,545 ¥ 10 m , (85)

and that the interaction region is located at a distance from the
eguator given by

Z/I‘m = 1/9 . (86)
Following Helliwell [1967] we take
m0/2n = 180 kHz wce/zw = 14 kHz |, (87)

for the plasma and electron gyrofrequencies. The electric field amplitude

of the whistlers is taken to be

L -~ _3
Eg = Egp = 1x10° V/m . (88)

19



in accordance with the 'high field' case of Dysthe [1971].
The remaining parameters are assumed to be given by

W /2m=l Hz | 6 = 0rad , 6, = 0.1 rad. (89)

Inserting these values into Eqs. (76) and (77) gives a value for the

generated wave magnetic field of

|B| = 1.2 my . (90)

We must check that we have not chosen too small a value for z/rm

Using the values assumed above, we find that Eq. (79) takes the form
?5 > 0.105 . (91)
m

The value of 1/9 taken for z/rm satisfies this inequality.

The same values [ excepting, of course, Eq. (86)] when substituted
into Eqs. (77) and (81) yield a value for the generated wave magnetic
field of

B,] = 2.4 my (92)

when the interaction region is centered on the equatorial plane,
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7. Maximization of the Wave Fields

In Section 6 we have shown that an Alfven wave field of the order

of 2 my can be generated for a typical set of magnetospheric parameters.

Naturally occurring ULF waves fall in the range of 1-1000 my [Jacobs, 1970],

so the question arises as to whether one can find conditions under which
greater ULF wave intensities might be generated.

To investigate this question we shall maximize the field that can
be generated with respect to =z and wl . We assume that =z is given

by the minimal value permitted by Eq. (79) and use the approximation

[pavies, 1969

3

r
e
Woo = Yoq (?;) (93)

for the electron gyrofreguency, where weq/zw is the gyrofrequency at
the earth's surface on the eguator (880 kHz) and r, is earth's radius.

Since our theory breaks down as wy approaches wci , we assume

1
as the maximal value for the ULF frequency, Substituting into Eq. (76)

and {(77) yields the result

W, = wci/z (94)

1/3 5/6 5/3 2/3,m \8/3 /= 2
2] -
R [ﬂ/f (Ko)] W, r weqre' 0 m_ SgB(KO) elgl(KO) *
]Bl = P m T p W.e m w_ mcle EszBp
ce e c e eq

(95)
Using the same values for the variables in this formula as we used in
Section 6, we arrive at a field strength of |B1| = 4.8 my maximized with

respect to wl and 2z

Let us now consider maximization in the case of the interaction region

on the equatorial plane, Substituting Eqs. (93) and (94) into Egs. (77)

and (81) yields Eq. (95) again, except that the RHS must be increased by
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the factor T(1/3)/[121/6 ﬂl/S] ~ 1.2, Thus we are led to the rather
remarkable result that the two answers are identical in form with
respect to their dependence on the experimental parameters, except for a
numerical factor. Taking this fact into account, we arrive at a value
of |Bl| = 5.8 my for interactions on the equatorial plane,

We now discuss how these values might be further maximized by
variations of the remaining parameters, Since wo/wce ~ 10 over most
of the magnetosphere, little is to be gained here., The angle 93 might
be increased to 0.2 radian increasing the signal strength by a factor of
two. Beyond 0.2 radian our approximations fail, and it is doubtful if
further increase could be gained here, Since |Bl| ~:(rm/re)5/3, an increase,
possibly as high as a factor of 3, could be made in the field strength by
using more distant field lines. Overall, then, it might be possible to
attain a field strength as high as 40 my.

Finally, no mention has been made of the fact that both whistlers
and Alfven waves can be amplified during their transit along the field
line. Values of the whistler field strength in excess of the 10_3 V/m
used in Section 6 could occur at certain times and give correspondingly
higher values of the generated ULF field. This ULF field could, in turn,

alsc bhe amplified.
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Appendix
Here we will derive the intersction length for the special case
where K3-K2—K1 is a quadratic function of Z - i.e,

K K = 2X3z% A.l
Kszl 5 ( )

3

with 5 as defined in Eq. (30). When synchronism is not exactly satisfied,
Eq. (14) takes the more general form
i, 3E
i pl * %
—— - —=] = E - -K_-K.) + R dR).
a, (Xgl ag) To Epg Epg *P -3 [ &g-Ky"Kp) - R dR)
If we assume propagation nearly along 7 , substitute Eq. (A.l), and integrate,

we can reduce this equation to the form of Eq. (16) with

=

L =/ exp (- Jy2°/6) dz . (4.3)

-

Use of a standard integration formula [Gr8bner and Hofreiter, 1961

reduces this expression for the integration length to Eq. (29).
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